Proposing an optomechanical cavity modulated periodically, we study the modulation synchronization of mechanical modes of the mirrors. A sinusoidal modulation is applied to one of the mirrors, where the second mirror has the capability of oscillation, but there is no modulation for that. As a result, we find a phase lock synchronization between the mechanical modes of the mirrors. An enhancement of quantum synchronization by having a periodic modulation is expected. We show that there is a robust synchronization between the mechanical modes of the mirrors where it decreases by raising the detuning between the mirrors but not that much. Also, there is an entanglement generation between the mirrors in the cavity by the periodic modulation.
I. INTRODUCTION
Synchronization as a well-known classical phenomenon has been observed in a large variety of contexts, eg. physical systems, biology, chemical reactions, and etc. [1] [2] [3] [4] [5] . The destructive effect of noises on synchronization and the important role of them in the quantum regime made the quantum systems very attractive to be considered as a great system to trace the effect of noises on synchronization [? ] . Although finding a proper and global measure of quantum synchronization, and also the absence of a clear notion of phase space trajectories are still the main challenges in the studies on quantum synchronization [6] .
As mentioned before, noise statistics overwhelms synchronization in the quantum regime. So any scenarios of reducing the noises could be an interesting proposal of making a synchronization. S.Sonew and et all, using the squeezing hamiltonian instead of a harmonic derive, show that the squeezing enhances quantum synchronization [7] .
Periodic modulation has been reported as a technique which may increase the possibility of achievement of squeezed states in a wide variety of optomechanical systems [8] [9] [10] [11] [12] . By choosing appropriate periodic modulation, one can achieve better squeezing in compare to the other method of the creation of squeezed states [13, 14] .
The effect of periodic modulation on quantum systems are widely studied [15] [16] [17] . A. Frace and V. Giovannetti showed an enhancement on quantum effects in optomechanical systems using periodic modulation [13] . Recently a synchronization enhancement via periodic modulation in optomechanical systems is also reported [18] .
The aim of this work is to estimate the synchronization between the periodic oscillation of the mirrors, raised by the periodic modulation of one of the mirrors, in an optomechanical system. It is also interesting to study the correlations between the mirrors and finding a relation between correlations and synchronization.
In this paper we propose an optomechanical system with two oscillating mirrors coupled to same optical field in a cavity. One of the mirrors (M1) is considered to be modulated periodically (Fig.1) . We investigate the generation of * Electronic address: vahameri@gmail.com
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squeezed state of the mirrors and also the synchronization and phase locking between their oscillation raised by the modulation.
In following, our time modulated optomechanical system is introduced and the Hamiltonian and the master equation of the system are discussed. Then, using the QuTiP [19] , to solve the master equation, we derive the dynamic of the system and bring the results and discuss them.
II. THE SYSTEM
We proposed an optomechanical cavity with two movable mirrors at both ends where they are interacting with a single optical mode of the cavity of frequency ω c . The mirrors are attached to springs of effective characteristic frequencies ω M and ω M + ∆ M for mirror1(M1) and mirror2(M2) respectively, where ∆ M is assumed to be the detuning of the frequencies of the mirrors. The cavity is driven by an laser of frequency ω L as it can be seen in Fig. 1 . The periodic modulation on M1 is expressed as a time-dependent function in the Hamiltonian of the system, [q k , p j ] = iδ jk and g is the mirrors-field coupling constant. In addition, ∆ = ω c − ω L is the detuning, and a(a † ) is the annihilation(creation) operator, of the cavity mode. Also, determines the domain of the modulation and Ω is the modulation frequency.
Because of having a time-dependent Hamiltonian, it is not straight forward to use the master equation for solving the dynamic of the system. Although the master equation with time-dependent Hamiltonian is studied and some interesting results have been reported but in each case there are some limitations [20] [21] [22] [23] [24] . Thanks to the QuTiP, we can easily handle this issue and solve a master equation for this system.
III. RESULTS
The results are obtained by solving the dynamic of the system using QuTip. The system is considered to be at zero temperature and the mirrors have same damping rate γ while κ is the decay rate of cavity mode. The parameters used for solving the dynamic of the system are ω M = ∆ = 1, κ = 0.1, γ = 0.001, g = 0.05, Ω = 0.5, = 0.5 and E = 2.1. The detuning ∆ M is left as variable to study the robustness of synchronization.
A. Squeezing
In a quantum regime, fluctuations play a more important role. It is expected to overcome the complications associated with added noises originating from quantum fluctuations by squeezing. In this paper, as we are following the mechanical mode synchronization of the mirrors, squeezing the position quadratures might be helpful.
The ground-state fluctuations minimize the uncertainty relation,
It is possible to squeeze one of the quadratures to have the fluctuations below the zero-point level at the expense of increasing the fluctuation of the other quadrature. Using the periodic modulation ω M q 2 1 sin 2 (Ωt), in Hamiltonian Eq.1, we squeezed the position quadratures. Although only M1 is modulated, in case of zero detuning between the mirrors ∆ M = 0, the position quadratures of M2 and the field are also squeezed (Fig.2) .
B. Synchronization
Before using any measure to determine the synchronization and phase locking between the oscillation of the mirrors, supported and enhanced by periodic modulation of M1, we can take a look at Fig.3 where the final oscillations of the position quadratures q 1 and q 2 are plotted. It is easy to find a phase locking between the oscillations of the mirrors. Also, it is interesting to have the evolution of the position and momentum quadratures of the mirrors. In Fig.4 , one can see that the evolution tends to a periodic orbit for both of mirrors. In case of zero detuning (∆ M = 0), the orbits have almost same dimension while considering the non-zero detuning regime the second mirror orbit get smaller than the first mirror by increasing the detuning ∆ M .
Mari et al. [6] introduced the following measure for synchronization that one can gauge the synchronization level of two subsystem using their position and momentum quadratures,
where
The synchronization measure S(t) has a maximal value 1.0 correspond to a complete synchronization. This limit is applied on S(t) by Heisenberg's uncertainty principle.
Lei Du et al. enhanced a quantum synchronization in an optomechanical system using a proper periodic modulation [18] . They achieved the synchronization measure S(t) up to 0.9. We find the same value of S(t) for the synchronization of the periodic modulation in our optomechanical system. 
C. Mutual information and entanglement
The study of synchronization in a quantum system composed of two subsystems A and B where they are correlated attracts a lot of interests [25] [26] [27] . For instance, entanglement between synchronized subsystems has been studied in a variety of systems [28] [29] [30] .
The logarithmic negativity as an entanglement measure is defined as,
where Γ A is the partial transpose operation with respect to subsystem A and ||.|| denotes the trace norm. In Fig.6 (a) the logarithmic negativity of the mirrors are plotted as a function of time. As a result of periodic modulation, the mirrors get entangled. Although the relation between entanglement and synchronization strongly depends on the details of the system, the mutual information can signal about the presence of a quantum synchronization more generally. Recently, Ameri et al. showed that the synchronized subsystems have large mutual information. So, it can be used as a signal of quantum synchronization [31] . The quantum mutual information is defined as,
S(t)
where the quantum state of the system is traced partially to derive the reduced density matrices ρ A = Tr B (ρ) and ρ B = Tr A (ρ) and S(ρ) = −Tr[ρ log(ρ)] is the Von Neumann entropy. Fig.6(b) shows the mutual information of mirrors as a function of time. Comparing the results in Fig.5 and Fig.6 , one can find a strong relation between the mutual information, entanglement and synchronization.
IV. CONCLUSION
In conclusion, we have demonstrate the possibility of synchronizing a periodic modulation of one mirror to another one in an optomechanical system. As a result, it has been shown that the position quadrature of the second mirror is squeezed, where it is one of the consequences of periodically modulated mirrors. Also, the evolution of position and momentum quadratures for both mirrors follow the same periodic orbits originating from the periodic modulation of the first mirror. Finally, the quantum synchronization measure S(t) indicates that the mirrors are almost completely synchronized.
Another interesting result of this work is an entanglement generation, between the states of the mirrors, by the periodic modulation. Looking at Fig.6 and Fig.5 , one can conclude that the entanglement generation and the synchronization are almost started at the same time. So, as expected and reported previously, the correlations can signal us about the presence of a synchronization in our systems.
